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ABSTRACT

Let X1 and X2 be two mixing Markov shifts over finite alphabet. If the
entropy of X is strictly larger than the entropy of X3, then there exists
a finitary homomorphism ¢ : X1 — X3 such that the code length is an
LP random variable for all p < 4/3. In particular, the expected length of
the code ¢ is finite.

1. Introduction

In 1977 Keane and Smorodinsky [5] constructed a finitary homomorphism (or
coding) from any Bernoulli process X to another Bernoulli process X of a strictly
lower entropy. In the same paper they announced that the expected code length
should be finite. This, however, is by no means evident and the proof was only
given much more recently in [6].

The result of (5] was extended to Markov shifts by Akcoglu, del Junco and Rahe
(1]. They construct a finitary coding between X and X under a sole assumption
that X is ergodic Markov and X is mixing Markov of a lower entropy. Their
construction is similar to [5], an essential role being played by a low entropy
marker process. The presence of markers makes it possible to represent almost
every source sequence r € X as a consistently ascending nested family of words,
which fill longer and longer “skeletons” determined by the marker process. Fillers
of sufficiently large rank are encoded to corresponding fillers in X, thus eventually
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defining the required finitary coding ¢: X — X. Akcoglu, del Junco and Rahe,
too, claim without proof that the code length should have a finite expectation.

There has been renewed interest in finitary coding in connection with non-
commutative Bernoulli schemes. Actually, the fact that the Keane-Smorodinsky
coding has finite expected length is essential in a recent work of Hamachi and
Keane [4].

The aim of this paper is to present a proof that for mixing Markov shifts the
code length has finite expectation. We prove even more by showing that it is an
L? function for some p > 1.

First we deal with a Markov-to-Bernoulli coding, in which case we simplify and
correct the Bernoulli-to-Bernoulli argument in {6]. In particular, it follows that
the length of the Keane-Smorodinsky code between two Bernoulli processes of
unequal entropies has finite LP-norm for all p < 2. It remains an open question
whether the variance is finite. Our method relies on an application of Holder
inequality for appropriately chosen exponents that assure convergence of certain
series. In contrast to [6] we consider individual fillers globally without classifying
them according to length. This will be effective thanks to an application of a
simplified version of the Bernstein inequality. The formulas for some distributions
such as u_1, b, and ly will be derived in a detailed fashion in a preliminary section
(we note that in [6] they are only asymptotically correct). A separate section is
devoted to Bernoulli-to-Markov coding. Finally, as in [1], the Markov-to-Markov
coding in obtained as a composition.

2. Definitions and notation

By a process with alphabet A we mean a dynamical system (X, u,T), where
X = A%, T is the left shift, and p is a shift-invariant Borel probability measure
on X. All processes studied in this paper are with finite alphabet. Generally,
the probability measure for any process will also be denoted by P.

Our notation will be based on [1] and [6]. For a Markov process given by a
transition matrix (p;;) we set pmin = min{p;; : p;; # 0}. The process will be
assumed mixing, which means that the matrix is irredudicible and aperiodic.
In particular, there exists a unique strictly positive vector (p;) such that the
powers of the transition matrix converge with exponential speed to the matrix
with all its rows identical with (p;). In the associated Markov process (X, u, T)
the p;’s represent the stationary marginal probabilities, p; = Pz, = a;) for
every n € Z. The entropy of the Markov process X is given by the well-known
formula A(X) = —3_, . pipijlogpi;. Recall that for Markov processes mixing
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implies h(X) > 0 (except for the trivial case |A| = 1) and moreover the process
has a marker M, i.e. a collection of blocks of the same length & such that

(i) each word in M begins with the same symbol a;,
(ii) no word in M overlaps a word in M,

(iii) arbitrarily long concatenations of words from M
occur with positive probabilities.

According to the construction in [1], the length k can be chosen arbitrarily large
and the probability that a marker occurs at a given position decays exponentially
with k. By ergodicity, almost every source sequence z in X splits into runs of
markers labeled in a natural manner by +1,4:2,... and separating blocks labeled
0,4+1,42,... We assume that the 0-th coordinate of z is covered by either the
run of markers labeled —1 or the subsequent 0-th separating block. By u; we
denote the number of markers in the j-th run while [; stands for the length of
the j-th separating block.

For every r = 1,2,... we denote by s, = s,(z) the skeleton of rank r.
This is defined as the truncation of z to a finite segment around 0 such that
the separating blocks in z are replaced by gaps of the same length, and with
the property that the extreme left and right runs of markers each contain at
least r markers while the internal runs, if any, each contain less than r markers.
Moreover, neither the immediately preceding nor the immediately following k-
block of z is a marker block. We denote by —m, < 0 and n,, > 0 the label of
the first and the last run of markers in s,, respectively. Whenever convenient
we will also consider a skeleton as an appropriate non-indexed finite sequence s
consisting of runs of a k-block labeled M separated by gaps. For a skeleton s we
denote by I(s) the length of s minus the length of the last run of markers,

(sp) =kt—m, +lomy1+ - F+hug+lo+kur +--+1p 1.

As in [1], the final block of markers is only needed to determine the occurrence of
sr(z) but is not considered to be part of that occurrence. We define b, to be the
number of separating blocks in s, so b, = m, +n, — 1. A block in z occurring
along a single run of markers followed by a separating block will be called an
order one filler. The concatenation of all the order one fillers in s, will be
referred to as the filler of s,. Clearly the length of the filler is equal to I(s,.).
For a fixed non-indexed skeleton s the filler measure p, is defined on the I(s)-
blocks as the projection of the conditional measure pu(-|S) where S is the event
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that s occurs at [0,1(s) — 1] in z. According to [1], Lemma 5.1, the filler measure
s is the product of the filler measures corresponding to order one subskeletons
of s. Regardless of the skeleton rank, any filler measure will be denoted by ;.

Recall that the marker process is a stationary 0-1 process X defined by
2; = 0iff z;---x;44—1 is a marker block. If the marker length & is sufficiently
large, then the entropy of the marker process can be made as small as needed.
We define the filler entropy f = h(X) — h(X).

Let ¢: X — X be a homomorphism, referred to as coding, between two
processes {X,u,T), (X,i,T). This means that ¢ is measure preserving and
¢(Tz) = T¢(z) a.e. The code length is defined as the least positive integer
C = C(x) such that there exists an integer interval J of length C containing 0
with the property that for a.e. y the condition y; = z; for j € J implies that the
encoded sequences ¢(z), #(y) agree at the 0-th coordinate, ¢(y)o = ¢(z)o. We let
C(z) = oo if such a finite J does not exist. In this paper we will study finitary
codings, i.e. such that C(z) is finite with probability one. The code length C(z)
will be treated as a random variable.

We will only consider mixing Markov processes. As in [1], the coding between
two such processes will be achieved in two steps.

In the first step, referred to as Markov-to-Bernoulli coding, we study a mixing
Markov process (X, s, T) and a Bernoulli process (X, i, T) with h(X) = h < h =
h(X). A marker in X can be selected as a single word a; - - - ax in such a way
that the filler entropy f still exceeds the entropy h. No marker will be needed
in the Bernoulli process X. We fix ¢ < (f — h)/3. A filler F in the skeleton
s.(z) of the source sequence z € X, is called bad if u,(F) > e /*}/=¢)_ On the
other hand, a corresponding I(s,)-block F in £ € X will be called a bad filler if
B(F) < e~len)(h+9) - According to [1], only good fillers will be encoded to good
fillers. If a filler is bad, it will be encoded as a part of a longer good filler at a
later stage. The coding is carried out for a given source sequence z by looking at
the ascending skeletons s.(z), » = 1,2,.... By means of an “assignment” defined
in (1], the filled skeleton s,(z) will be encoded in a consistent way if the filler F'
is good, except for a small set of exceptional cases. The conditional probability,
given a marker structure of z, that C(z) > ¢r4) is bounded by (see [5], Lemma
14)

20r—cller) 4 ) (F is bad) + a(F is bad),

where ¢ = (f — h — 2¢)/log2 > 0 and F,F denote the s.-fillers in X, X,
respectively. Our aim is to prove that if the parameter k is chosen
sufficiently large, then ECP is finite for every p < 2. Clearly, EC? is finite if
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ST Ecy 1P P(C > ¢r41) < 00, so it suffices to show that the three following series
converge:

[o. ]}

S1(p) = Z E(cpq,P2brmetler)),

r=1
oo

Sa{p) =) ElcraaPus(F is bad)),

r=1
00

$3(p) =) Ecr1”A(F is bad)).

r=1

The second step is a Bernoulli-to-Markov coding. Now X is Bernoulli and X is
mixing Markov with h(X) = h < h = h(X). Moreover, as in [1}, by extending X
to another mixing Markov process with a slightly larger entropy (the extension
taking place by a length-one coding) we may assume that there exist a marker
M in X and a single-word marker M in X such that the corresponding marker
processes have the same distribution. Therefore the two marker processes can
be identified as a common factor X of X and X; now the marker process in X
will be referred to as “independent”. Here the filler entropies are f = h — h(X)
and f = h — h(X), respectively. The bad fillers in X and X are defined as in the
Markov-to-Bernoulli case with f in place of k and f, in place of fi. The finiteness
of EC? will be concluded similarly by studying the three series.

In a preliminary section, distributions of the parameters of the construction
are calculated. Here the Markov property will be exploited on several occasions
to assure a sufficient degree of independence of random variables under consider-
ation. The distribution of b, will play a decisive role in future calculations. Next,
in the Markov-to-Bernoulli coding we will obtain a bound for the L¥-norm of
cr+1 and will use it (for a large N) along with Holder inequality to prove that
each of the three sums is finite. For S2(p) and S3(p) we will need a form of the
Bernstein inequality (or a large deviation theorem). The proof in the Bernoulli-
to-Markov case is similar, but S3(p) is now more difficult to handle. In the last
section we prove a lemma which enables us to compose codes without losing some
features of the code length. In particular, this yields a coding of finite expected
length between any two mixing Markov processes of unequal entropies.

3. Distributions

In this section we assume that (X, 1, T) is a mixing Markov process and calculate
the distributions of the random variables u;, u_1, m,, n., b, {1, lg. We also
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assume that the marker M is a single word a, ... a, and write
n=P - zp=M|zg = ax).

In other words, 7 = pr1p12 - Pk—1k, Where we write p;; for ps q,. Finally, we
set v = p1/pk1 S0 7 is the probability that M occurs at a given position.
Recall that 7 decays exponentially with k. It will turn out that, as in [6], the
probability P(b,. = t) decays in 7 rapidly enough to ensure the convergence of
the pertinent series.
By the Markov property and stationarity it follows that the u;’s are indepen-
dent and, for j # —1, identically distributed. Clearly P(u; > 1) = 1 and

P(u1 2 t) =P(.’L‘1...Ik(t#1) = M'_1|z_k+1...x0 = M)

=P(zy...Tk-1y) = M7 zo = ax) = '~}

fort > 1.

The distribution of u_; is quite different. First we define auxiliary events: By
will mean “rg is contained in a marker”, Bg,; will denote “zg is contained in the
i-th marker of the run of markers containing zy”, and Bj is the negation of By.
For any ¢t > 1 we have by the Markov property

P(u_y > t|Bg) =n'"" and P(u_; >¢t|Bos) =n'"".

Therefore

P(u_y > t) =P(u_y > t|B§)P(BS) + Y _ P(u_y > t|Bo:)P(Boy)

=1

t o0
=n'"'P(B§) + > _n''P(Bos) + Y P(Boy).

i=1 i=t+1

Since the probability that M occurs at a given position equals 7 and the reverse
time process is Markov, we get for every j =1,... ,k

P(Bg,, zo is the j-th element of M) = yny'~1(1 - n),

so P(By,;) = kyn*(1 — ). It is clear that P(Bg) = kyn. Consequently

t
Plu_y 2 t) =01 (1= kyn) + Y _ ky(1 - n)n* + kym**?

i=1

=" 1+ kyn(t - 1)(1 —7)).
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Qur next aim is to calculate the distribution of b,.. We observe that
P(m, =1) = P(u_y 2 1) ="' (1+ kyn(r - 1)(1 - n)),
while for i > 1
P(m, =1) :P(u_1 <PU_2 <Tyou Uoijp1 < T U 2T)
=(1—7""" — kv (r - 1)(1 =) A=)y
and clearly
Pin,=4)=(1—-n""1) "Iy
for all ¢. The Markov property implies that m, and n, are independent, so

P(b, =t)=P(m, +n, =t+1)=>_ P(m, =i)P(n, =t —i+1)

i=1

=(1+ky(r = Dn(L—n)g (="

+> (1= = ky(r =" (1 7))

=2

% (1 _ nr—l)i—Z,’,}r—l (1 _ nr~1)t——i,r’r—l
:(1 _ nr~l)t—1n2r—2

ky(r—1)n"(1 -
X (1+k7(r—— Dn(l—n)+(¢-1)1 - v 1*)77T_(1 77))) .
Therefore, if k is chosen sufficiently large so that kn < 1/v, we get

Plor=t) < (1—n" ") 2Q 47— 14+t - 1) < rt(1 — 122,

Now we proceed to the calculation of the distributions of the I;’s. Like for u;’s
we note that the [;’s are independent and, for j # 0, identically distributed.

We denote by {’ the separation between two consecutive markers. More for-
mally P(I’ = t—1) is the conditional probability that ¢ is the least positive integer
such that z;---2s1p—y = M given that x_g4y - 29 = M. Clearly the renewal
sequence for I’ + k is

(+1)
5

Pr1

=1 gaq="=q-1=0, =71 qg4;=

for 7 > 0, where p(] ) denotes the j-step transition probability from a; to a;. The
renewal function for I’ + k is

i (1) gkt
Qs)=1+— E 7
() 71 Pr1
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and hence the generating funcion is given by the formula
gsf ghoo G+
1— 1 — _ px1 &1=0Fkl

k oo (3+1) , "~
Q) 1+ oo Ly=0P

On dividing by s* we obtain the generating function of ’:

Zﬁo min) g

o0
G ’ = P ll = ) ] = N
! (3) Z ( ])S n 1+ nsk Z?‘;O nla)gs

=0

where 7)) = pi’lﬂ)/p“.
As it is clear that for t > 0

we have

Gi () = S0
o z;";o rlgs n
_1—n1+ns“z;’°;07r(1)31 1-7
B (1-ns*) L2ms) — 1
T1-7 1+ sk 3752, mUlsd

For a mixing Markov chain we have 7(?) - « exponentially so 1) = v + a,,
where o; — 0 exponentially. Consequently, the function

h(s) = Za]s]
1=0

is analytic on a disk of radius strictly greater than 1. We can write

Gu(s) = n (1 -71s5)+ (1 —ns*)(1 = s)h(s) =1 +s
hisr= 1-7p 1 — s+ yns* + n(1 — 5)skh(s) '

The value of the last denominator at s = 1 is equal to yn while, if k is sufficiently
large, its derivative is close to —1. This implies that the denominator does not
vanish in a certain neighborhood of s = 1. Therefore the power series

Gy (s) =Y P(l = j)¢

1=1

has an analytic continuation through the point s = 1. Since the coefficients are
nonnegative, we conclude that the power series converges in a disk |s| < p, where
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¢ > 1. Equivalently, the probabilities P{l; = j) decay exponentially and {; has
exponential moments. In particular,

E(LN) = Ci(k,N) < o0

for every N > 1. Actually, by estimating the derivatives of the generating
function it is not hard to see that E(;™) < Co(N)k¥n~N, but we will not
need this formula.

Finally we will examine the distribution of ;. Denote by 7 the least non-
negative integer ¢ such that a marker starts at ¢, i.e. T4 -Zeqpp—1 = M. It is
clear that the conditional distribution of T given that z¢ is in a marker coincides
with that of [;.

Now, for every i in the alphabet let ¢, be the minimal positive integer g such
that p.”, > 0. We have

P(r>t, B§) = P(r>t, Bf|zo=1i)P(zo =)
:ZP(T >t, Bg| 2o =14, Tog-kt1" " T—q; = M)P(z0 = 1)
:ZP(T >t, B§, 20 =1, T_g—kt1- - T—g, = M)

X P(zg =1)/P(xo =1, T_q k41" T—_q, = M)

< ma.xP(T >t, By, Lo =1, Togq_k41 " Tog, = M)
Z (ynp2) !
SC:}T’ lma‘XP(T > t, 387 Iy = iy Togi-k+1 " T—q, = M)
1

=C3yn ™!

mla.xP(T >t By, xo =% T g k41 Toq, = M.
But by the minimality of g; we get
P(r>t,B§, 2o =1 |ZT_g—kt1° " Tg, = M)
SPU'2g+t) <P >0)P(L >t),

SO
P(r > t, BS) < C4P(l > t).

The latter decays exponentially and we have

E(1gs7V) < C4E(LL"N) < C5(k,N) < 00
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In a symmetric fashion we define 7. for the reverse time process. It is clear that
if g is not in a marker, then [y = 7+ 7 — 1. On the other hand, if zy is in
a marker, then the (conditional) distribution of ly is the same as that of l5. It
follows that [y has exponential moments and

E(lo"N) < Cs(k,N) < 0

4. Norm of skeleton length

For a positive integer N > 2 we are going to estimate the L¥-norm of ¢,;.
Clearly
Cry1 = k + l(8r+1) + k‘(?" + 1),

and if b,41 =t then
l(ST-H) = ku_mrﬂ + l[) + 51 + 52,

where &; is a sum of ¢ — 1 independent random variables ; (j # 0), and &
< k(r 4+ 1)(t — 1) corresponds to the joint length of markers inside the skeleton.
For & we write

E&Y =Y E(&lbr1 = 1)P(br1 = 1).

Since
v+ +o_ )N < (- I)N'l(v{V + - +'Ut1\i1)

for any v; > 0, we get, using the upper bound for P(b,;+1 = t), that

EeN < Z DVELN (r 4+ 1)t(1 - ")t g
e o)

<Ci(k, N)(r+ 1)’ YtV (1 - g7y
t=1

On the other hand, by approximating the integral (N +2) = [° N *le = dz
by its Riemann sums it is not hard to see that

Yooy V(1 - 8
T(N 1 2)5-(V+2)

-1

as 0 < 4 — 1. Consequently, for § = 7",

EtN < Ci(k, N)(r + L)~
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As to U_,,, we have P(u_,,, > 1+ j) = o’ for j > 0. Therefore for n < 1/2 we

can write
o0 oo
E@N, )= t"p"r(1—n) <> (r+j)N2
t=r j=0
. o<
:rNZ(]+ ) 21+JN2J
7=0 1=0
—C7(N)T‘N

We also estimate

EeN <kN(r + )N BB - 1)V
<kNr+ VY (- DV e+ D1 - g7 T
t:=1
<Cg(k,N)(r + )N*+1y=rN,

as for &;.
Altogether the three upper bounds yield

(Berey MYYN < Cy(k, N)rp ™

5. Convergence of the first series
Given 1 < p< 2 we let p' = p'(N) = N/p and ¢’ be such that
1 1
17 + 67 = 1.
Note that 1 < ¢’ < 2if N > 4.
We will now show that Si(p) is finite.
By the Holder inequality we obtain

E(cpq1P20r =)y < (B4 PP) /¥ (B2 br=ellan))y1/d",

But, given that b, = t, the random variable (s} is bounded below by the sum
of t — 1 independent copies of {;. Therefore

E2q/(b,—cl(sr)) <22q’g ( —C))t—lp(br =f,)

t=1
Z (G, (279)) 7 4Gy, (279)) rtn* =2
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where
oo

Cr(k) =172 ) _((G1,(27%))7"t(4G,, (27°))*

t—=

—

is finite if k is sufficiently large (so that 7 is small enough for 4Gy, (27°) < 1).
Therefore

E(cr+lp2br—clsr) S(EcrﬂN)p/NCIO(k)1/q’m2r(N—p)/N
< (Colk, N)rn™")? Cro(k)rnrN-#/N
<Cn(k, N,p)rin?-p=2p/N)r

s0 3, E(cr41P2b 731} < 00 because we can choose N > 2p/(2 — p).

6. Bad fillers in the Markov process

In this section we show that Sz(p) is finite. We will apply the Bernstein inequality
to the random variables — log us(F'), where F' runs over fillers of the order one
subskeletons of the skeleton s,. As a result we get a bound for the probability
that the empirical mean value of — log i, (F) differs essentially from gE(kuy +1{1).
This will ensure an exponential bound for the probability that the filler is bad
given b, = ¢.

The following useful lemma is an immediate consequence of the Bernstein
inequality, which actually gives an exponential bound for the probability ([2],
Ch. 2). It can also be deduced from Cramér’s large deviation theorem (see
e.g. [3], XVI, §6, Theorem 1). For the reader’'s convenience we give a direct
elementary proof of the lemma.

LEMMA 1: Let§,&,,... be independent identically distributed random variables
such that Ee®1l < 0o for some a > 0 and E§, = 0. Then for every § > 0 there
exists ty such that

P(& + -+ &I/t > 6) <1/t
for all t > ty.

Proof: Instead of Fe®é1l < oo it suffices to assume E€Y < oo for an even
integer N > 10. Let p(¢, N) be the number of ways N can be represented as a
sum of 7 integers > 2, including the order of summation; we have, e.g.,

p(l,N)Zl, p(2, N):(N"2)/2a p(N/2a N)=1
We also define p(N) = max(p(1, N), p(2, N), ..., p(N/2, N)) and let

m(N) = max{|E&’|:j=0,1,...,N},
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where we set E£j0 = 1. Since E¢{; = 0, we clearly have

Bl =X (, 7, et et

where the summation is over all nonnegative integer vectors {k;, ..., k,) such that
ky+---+k; = Nand k, > 2 whenever k, # 0. If t > N then the number of such
vectors with exactly ¢ nonzero coordinates is

AN t
(i)p(z,N) < (Nﬂ)p(N)’

so the sum is bounded by

¢

N/2>p(N)m(N)tN/2 < C'(N)N2,

NYN/2 - 1)(
Now the Chebychev inequality applied to £V yields

' N/2
M_ < C’(N,é)t‘N/z,

P&+ + &l > ) < Lo <

which ends the proof of the lemma. ]

Given that b, = ¢, the filler F of s, is a concatenation of ¢ fillers of order one
subskeletons of s,.. By the Markov property these order one fitlers are independent
and equally distributed except for the initial filler of length ku_m,,_+{_,, 4+1 and
the central filler of length ku_, +l;. We denote them by F_; and Fy, respectively.
The other order one fillers in F will be denoted F}, Fy, . ... Clearly it may happen
that —m, = —1, so F_; = Fp, in which case there are t — 1 other fillers; otherwise
there are only t — 2. We will write {, = — log t,(F};). The conditional measure
#s(F;) depends only on the manner in which the block of length /, between
two consecutive runs of markers is filled in. It follows that the variables (; are
independent and, for j # 0, identically distributed. Notice that u,(F,) > Prmin?,
where pmin is the least positive entry of the transition matrix. Therefore there
exists a > 0 such that, for j # 0,

E(e%) = E(e7' 8B |1 = )P(l; = 1) < G1,(1/Piin) < 00,
=1
since Gy, (s) has no poles in a disk of radius > 1 around the origin. It follows
that the random variables (; — E(j, j # 0 satisfy the assumption of Lemma 1.

By the same token
E(e°®) < 00
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for some o > 0.
By Lemma 3.1 in 1] we have

—limlog 4y (F)/U(s;) = f
with probability 1. On the other hand, by the law of large numbers,
Usy)/br = E(ku; +11) =X a.s.

It should be noted that the exceptional quantities u_, ., u_1, and {y do not affect
the value of the limit. Indeed, it is easy to see that ly/b, — 0 while for u_; and
U, wWe observe that u_1 < u_r,, = k(r — 1) + u, where v is independent of b.
and distributed as u;. Therefore it remains to show r/b, — 0. This, however, is
a simple consequence of the Borel-Cantelli lemma, for given a > 0 we can write

Y P(r/b.>a) =) Pb <r/a)
(r/a]

< Zrn2r—2 Z t< Zr2n2r—2/a2 < 0.
T t=1 T

Consequently, — log us(F)/b, — fA and, thanks to Lemma 5.1 in (1], E{; = fA
for 7 # 0.
Now we define an auxiliary event

By = {|i(sr)/br — A| > 6},

where 6 < min(e/4f,A/24,e\/16). From now on, for the sake of simplicity, we
only consider the case where —m, # —1, the other case being handled similarly.
Since clearly I(s,) > kb,

P(BS, F isbad | b, = t) = P(BS, ps(F) > e~ HHsr) 1 = 1)
=P(BS, {1+ G+ + G2 <(f—€)l(s,) | b =¢)

( f| z<sr)>_|b_t)

+P(B1‘f, (_1+<o+...+<t_2_f)\ >el(sr Ib —t)

t
The first term vanishes by the choice of §. The second term is bounded by

CO 6l(sr)
P (7 el _t>

+P<B§, 1+(1+t...+Ct—2 _f/\l>€l(sr),b —t>
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(Co ekt)+P(’<.1+cl+---+<t_z_fA g_ﬁ_)
t—-1 ’

t—1
which is less than et + 1/(t — 1)* for some positive constant §; and all suf-
ficiently large ¢t (independently of ). The last assertion is a consequence of the

exponential decay of the distribution of (g, and of Lemma 1 applied to ¢; — E;.
Therefore we obtain

P(BS, F is bad) =Z P(BS, F is bad | b, = t)P(b, = t)

to—1

<Ztr7]2r 2+Z At L1/t — 1)) try?r 2

t=tqg

5012( )7‘7]2?”.

Now we are going to obtain an exponential bound for the probability of B,.
Clearly the skeleton length [(sy,) decomposes into the following five terms: ku_,,_,
ku_y, lo, k(u1’ 4 --- +us—2'), and If + -+ +1;_;, where the u} and [; are the
random variables u;, j # —m,,—1, and lj, J # 0 occurring within the skeleton
s, relabeled accordingly. Therefore

P(B, | b, =1t) <P (u_m, ST =t)

—_——— = By > —|b. =t
u| > 5 |

R oY /Y 5 .
" Ell\>5|br—t .

+P (
We first note that since the distribution of l; decays exponentially, the third
summand is bounded by e~?2¢ for some f3 > 0. Since u_; < u_p,, ., the second

summand is bounded by the first.

For the first term we write u_,, = k(r — 1)} + u as above and note that for
some (3 > 0

Plu_m, > 6t/5k | br = t) < Puy > 6t/10k) + P((r — 1) > 6t/10k | b, = 1)
< e Pt 4gy(rt),

where 01(r,t) = 1 or 0 according as ¢ is or is not less than 10k(r — 1)/6.
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For the fourth summand we will apply Lemma 1. To avoid the error term
caused by the condition of being in the skeleton s, we introduce new random
variables. Let uf,u3,... be independent and distributed as u;. Now, for each j,
whenever u;-’ > r occurs, we will repeat independent trials until a value less than r
appears. The first appearance of a “short” result will be called u;». The apparent
abuse of notation will not-affect the calculation because the new random vector
(uf,...,ut_,) will have the same distribution as its counterpart that appears in
the fourth term. We will write w; = u] —u/. It is clear that these are nonnegative
i.i.d. variables with w; < u} and w; = 0iff u] < r. Observe that w; # 0 happens

with probability P(u] >r) = P(u; > 1) =7""1, so

(o]
Ew; < Zin‘"l < 4rp""L.

i=r

The fourth summand is thus majorized by

P(u’{+~--+u§'_2_Eu1l>_5_)+P(w1+---+wz-2 S ) )

t 10k t 10k
WAl §  2Eu
pflttus o I 6 2Eu
= ( t—2 R R T
wy + o+ W2 4 2
+P( t—2 1ok t—2>’

Since for ¢ sufficiently large the right hand sides of both inequalities are greater
than §/20k, we can use Lemma 1 for the first probability. The second is bounded
by

p((w_gwl
t-2

8
> %k—‘ - Ewl) .
Since Ew, < 4r™~1, we have §/20k — Fw; > §/40k for r > ry, say. This allows
us to use Lemma 1 for the last probability, too. Consequently, the fourth term
is bounded by 2/(t — 2)* for all r > rg, and all sufficiently large ¢t (independently
of r).

Now it should be clear how to majorize the fifth summand. We can just apply
Lemma 1 to the independent random variables [; and get a similar bound of the
form 1/(t ~ 1)*. As a result we obtain that, for r > ry and all sufficiently large
t, t > tg, say,

2 1

P(B, | b, =t) < e Pt ,t) + 2Pt .
(B | ) S e Pt oy(r,t) + 2 +(t_2)4+(£_1)4
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Consequently,

[10k(r—1)/8)

to
P(Br) S Z trn2r—2 + Z trn?r—?
t=1

t=tg

i 2 1
—Bst | 9o=Fat trn2r—2
+Z(e +2e +(t—2)4+(t—1)4> N

t=tqy

<Cya(k)r*n*.
In order to prove that S;(p) converges we now argue as in the proof for S;(p).

As above, we denote by F the filler of s.. For N sufficiently large we have

(N-p}/N
E (cr1Pus(F is bad)) < (Ecry M )P/N (E(;LS(F is bad)N/(N‘P)))

Since N/(N —p) > 1, we may write
E (,us(F is bad)N/W-P)) <E(uy(F is bad)) = P(F is bad)
<Cra(k)rn™ + Cra(k)rn®™ < Cra(k)r®n™.
Consequently,
Sa(p) = Z E(cr4171s(F is bad))
<ZCQ k N 2p (CM( ) 3 2r)(N -p)/N
<Cis(k,N,p) 27’77) 2=p=2p/N)r

and the series S>(p)} converges if N > 2p/(2 — p).

7. Bad fillers in the Bernoulli process

By the nature of the coding there is no marker structure in the Bernoulli process
X . Therefore in order to calculate the probability that a filler F'in X correspond-
ing to the skeleton s, on top is bad, we will condition on I(s,). The following
crude estimate will be sufficient for our purpose:

t

P(l(s,) =1t) < P(i(s,) < t) < P(b, < 1) Z 7?2 < PP

Now we can write

P(F isbad) <Y P(F isbad | I(s,) = t)t*rn® =2
t
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For I(s,) =t we clearly have
— t -
- lOg/_l.(F) = ZC]v
7=1

where the random variables (_j, corresponding to single symbols in F, are
independent and distributed as — log ji(£g). It is clear that E((;) = h. As the
condition F' is bad is equivalent to the inequality — log i(F) > l(s,)(h + ¢), we
can apply Lemma 1 to the variables {; — h and obtain as before, for all sufficiently
large t,

P(F isbad | I(s,;) = t) < Cyg(k)/t*,

which readily implies S3(p) < oc.
We have proved the following theorem.

THEOREM 1: Let the processes X, X be mixing Markov and Bernoulli,

respectively. If h(X) > h(X), then there exists a finitary coding from X to
X such that for every p < 2 the code length is an LP random variable.

It should be observed that, if the marker length k& is large enough, our proof
applies to the code constructed in [1] and, in the Bernoulli-to-Bernoulli case, to
the Keane -Smorodinsky code [5].

8. Bernoulli-to-Markov coding

In this section X will stand for a Bernoulli process with entropy A{X) = h and
X will denote a mixing Markov process with A(X) = h < h. According to [1] we
may assume that there is an “independent” marker process, common to X and
X. The marker in X will be denoted by M. Unlike in the Markov-to-Bernoulli
case, where M was a single word, this marker is a collection of words of length
k all starting from the same symbol a;, say. The marker in X is still a single
word. The measure of M decays exponentially with k, because markers in X
and X have the same measure. The filler entropies in X and X will be denoted
by f and f, respectively. By choosing k sufficiently large we may assure f — f
positive and in fact arbitrarily close to h — h. Other parameters of the coding,
such as (s}, b, lg, ms, u_1, etc., are determined by the marker process so they
are functions of the Bernoulli process X.

The outline of the argument is the same as before. The convergence of S)(p)
and Sz(p) follows from the previous part as a special case. The proof for S3(p) is
somewhat different, because the distribution of the filler measure now depends on
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the parameter r which influences the filler length (the block filling in the ku; part
of the corresponding order one filler in X is now random, unlike in the previous
case where M was a single word).

If F is a filler of the skeleton s, in X, then F has length I(s;) and is a con-
catenation of b, blocks (order one fillers) each corresponding to a run of markers
followed by a gap of length I;. Since each marker starts from the same definite
symbol @;, by the Markov property the order one fillers F’j are independent.
Moreover, except for the two exceptional fillers F_,, 1 and Fp, they are identi-
cally distributed (both unconditionally and conditionally given that b, =t). As
in the Markov-to-Bernoulli case, it will be useful to relabel the fillers by giving
the exceptional fillers the indices —1,0, thus F_mr+1 = Fil, Fy = F‘é, and for
b, =t we have

FmFpy o FoyFye By = FL B Bl BV L,

The corresponding quantities {; and u; will be relabeled accordingly. Of course
it may happen that —m, = —1, in which case there is only one exceptional filler;
the argument in this case will be quite similar and is left to the reader.

We set {; = — log jis(F}). By [1], Lemma 5.1, we have — log bs(F) =y +Ch+
¢1+---+¢{;_y- An important feature of {} is that its distribution depends not only
on I, but also on u;’, hence on r (because the condition u;’ < r for j > —1 alters
the distribution of u;"). This is because the part of the filler corresponding to the
run of markers of length ku;’ is now filled by a random sequence. To overcome
this difficulty we use again the random variables u;’ and u;”. We recall that the
u;’, 7 =1,2,...,t—2, can be viewed as produced by a random experiment with
u;" = u;” — w;, where the u;” are independent and distributed as u;. It should
be clear that to each u;”, j > 0, there corresponds an extension F‘]f’ of F'Jf of
length ku;” +1;". Here F} has been extended by adjoining a prefix consisting of a
run of w; markers chosen at random according to the distribution of the Markov
process so that the resulting F;’ has the same distribution as the unconditional
Fy. The random variables ¢ = —log jis(F}’) are independent and, for j > 0,
distributed as —log fi,(F1), so their distribution is independent of r. We will
apply Lemma 1 to the EJ” - EEJ” This will be possible because Ee®% < oo for
some & > 0. Indeed, the length of F' is distributed as ku; + ;. The lengths
kuy and [; are determined by a Bernoulli process, so are independent and have
generating functions which are analytic on a disk of radius > 1. The generating
function G of ku; + I; therefore has the same property, whence

E(e*%) < Y e 080/Poin) Py + 1y = t) = G(1/pmin®) < 00
t
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for a small enough. Similarly we get Ee®% < co. The event B, will be defined
as before, so it is determined by the Bernoulli process X. As in the Markov-to-
Bernoulli case we can write

P(B¢, F isbad | b, =t) = P(B, i

s
=P(BS, (' + G+ G+ 4¢G> (f
<P(BE f‘ ( ) ek

> E’ I b-,- = t)
G+, I(s,
+P(B:, COt Ctz—fA‘ e(s)lb_)
The first term vanishes by the choice of § and the second is bounded by

P(f'_>fl(sr)|b_>+P<<o el(s )Ibr:t)

F) < e~ Utalsn) | — ¢
+e)l(sr) | br = 8)

t 6t
+P (B:, G+ G —f,\‘>—6 (5,) |br:t>
t 6t
5, ekt S, €kt G+ 4¢G5 - A 2fx
< — 2 T ot
_P(c_1>6>+P((0 6)+P((v o— f)\>8 -

The first summand is bounded by P({; + krlog(1/pmin) > €kt/6) < e Pat 4
ao(r,t), where B4 > 0 and oo(r,t) vanishes for t > 1267 !rlog(1/pmin)- It is clear
that the second summand is bounded by e~?st for some 5 > 0. For the third
summand we will use the random variables (_J” First note that the variables

0, = C_JI'I - C_JI'

satisfy the inequality 8; < (_'J" Now using Lemma 1 we can see that for large ¢
the third summand is bounded by

o+ G, €A 01+ +60; 2 _ €l
P(\ - f’\\>20 +P i—2  20)

which is less than or equal to

1 Oh+---+0,_o €A 2
(t—2>4+PO (=2 _Ee" ) S g
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because if & is chosen sufficiently large then
Ef, <E(1{s,20)¢1)

= E(C—l | U = z)P(ul = Z)

[

g i

<Y iklog(1/pmin) Plur =4

[e o)
<klog(1/pmin)(1 = 1) Y _in*™"

<2k 10g(1/pmin)Tn” ! < €A/40

for all r > 1. We have obtained, for » > 1 and all sufficiently large ¢,

P(BS, F isbad | b, =t) < e Pt 4 0y(r,t) + 7Pt +

t-2)¢
Therefore, by a calculation as in Section 6 we get
P(BS, F is bad) < Ci2(k)r3n™.

The proof of the convergence of S3(p) is now concluded along the same lines as
the convergence of S;(p) in the Markov-to-Bernoulli case. Since the coding from
X with an independent marker process to the given mixing Markov process of
a lower entropy simply consists in lumping certain states (so it has code length
equal to one), we obtain the following result.

THEOREM 2: Let the processes X and X be Bernoulli and mixing Markov,
respectively. If h(X) > h(X), then there exists a finitary coding from X to
X with the property that the code length is an LP random variable for all p < 2.

9. Markov-to-Markov coding

In this section we consider two mixing Markov processes X; and X, such that
h(X1) > h(X3). According to [1] there exist a Bernoulli process Y and a mixing
Markov process Z with “independent” markers (common for Y and Z) such that
h(X;) > A(Y) > h(Z) > h(X2) and X7 is obtained by lumping certain states
in Z. By Theorem 1 there exists a finitary code ¢ from X; to Y such that its
code length is an LP function for all p < 2. Similarly, by Theorem 2, there is a
¥ :Y = Z with the same property of the code length. We now wish to examine
the code length of the composed coding X; = Xj.
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LEMMA 2: Let X,Y,Z be arbitrary stationary processes and let ¢ : X — Y and
¥ :Y — Z be finitary codes. Assume that for some py,ps > 1 with p; < p, +1
the code length of ¢ is in LP for all p < p; and the code length of ¥ is in LP
for all p < py. Then the composed code ¢ o ¢ has code length in LP for all

p < p1p2/(p2 +1).

Proof: Let Cy,Cs,C be the code length of ¢,1,9 o ¢, respectively. By the
definition of code length we have

C(z) < Ca((z)) +2max{Cy(T7) : |j| < Ca((x))}-

Since every p < p1p2/(p2 + 1) is less than py and by assumption E(C,P) < oo, it
suffices to consider the second term. Recall that for every nonnegative random
variable £ and a fixed g > 0 the quantity F(£P) is finite for all p < ¢ iff for all
p < qwehave P> A)=0(A7P) as A = .

Now we set £ = max{C1(T7z) : |j| < C2(¢(x))} and let 8 be a positive real
number. For any ¢; < p; and g2 < py we have

P(£>X) =P(£> ), Ca(¢() > X)) + P(§ > A, Ca(d(2)) < X7)
<O =)+ Y P(CiTIz > ))
[51<A®
=0 (A7) + N0 (An).
Now setting 8 = p; /(p2 + 1) yields P(£ > A) = O (A7P) for all p < p1p2/(p2 + 1),
which concludes the proof of the lemma. N

The next result follows readily.

THEOREM 3: Let X; and X, be mixing Markov processes such that h(X;) >
h(X3). Then there exists a finitary coding from X; to X; such that the code
length is in LP for all p < 4/3.

The following corollary applies in particular to the Keane-Smorodinsky coding
of Bernoulli processes of unequal entropies.

COROLLARY: Forn > 2 let Xy,...,Xn4+1 be stationary processes and ¢; : X; —
Xiy1, ¢ = 1,...,n, be finitary codes with code length in LP for every p < 2.
Then the expected length of the composed code ¢y, o - - - o ¢; is finite.

Proof: We prove by induction that the length of the composed code is an L?
function for all p < 2*/(2™ — 1). To this end we let ¢ = ¢1,p1 = 2, ¢ =
$n o0, pp=2""1/(2""1 —1). Now apply Lemma 2. 1
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